In this paper, the homotopy analysis method (HAM) is employed to solve a class of variational problems (VPs). By using the so-called -curves, we determine the convergence parameter , which plays key role to control convergence of solution series. Also we use Pade' approximant to improve accuracy of the method. Two test example are given to clarify the applicability and efficiency of the proposed method.
Introduction

Motivation of paper
The investigation of exact solutions to fractional VPs plays an important role in the study of nonlinear physical phenomena.
Some history
The Homotopy analysis method (HAM) has been presented by Liao [1] [2] [3] , to obtain the analytical solutions for various nonlinear problems. There are many letters that deal with Homotopy analysis method such as, Abbasbandy et al. [4] applied the Newton-homotopy analysis method to solve nonlinear algebraic equations, Allan [5] constructed the analytical solutions to Lorenz system by the HAM, Bataineh et al. [6, 7] proposed a new reliable modification
Structure of paper
In this paper, we extend the application of HAM for solving variational problems. The structure of this paper is organized as follows.
In Section 2, we present our main results concerning to our method. In Section 3, we present a test example. Finally, we end the paper with few concluding remarks in Section 4.
VPs with Caputo fractional derivative
Consider the following functional
defined on the set of continuous curves y :
where F has continuous derivatives with respect to the second, third and fourth variable. Consider the problem of finding the extremum of the functional (1) with boundary conditions y (a) = A and y (b) = B. Let us denote this problem by (P). A necessary condition for problem (P) is given by the next theorem. Theorem1: (see [12] ) If y is a local minimizer to problem (P), then ysatisfies the Euler-Lagrange equation
The Euler-Lagrange equation (2) is in general a nonlinear differential equation of fractional order, which does not always have an analytic solution.
Solution guidelines for variational problems
First, we rewrite the Euler-Lagrange equation in the following operator form
where L is a linear operator, N is a nonlinear operator which contains differential operators less than 2 and g(x) is a given function. Let denote a nonzero auxiliary parameter. By means of generalizing the traditional homotopy method, we construct the so-called zero th-order deformation equation 
In order to determine the functions Y j , j = 1, 2, 3, . . . substituting (5) into (4) and collecting terms of the same power of p gives
and
, n = 0, 1, 2, . . .
Then, the solution of (2) has the form
If it is difficult to determine the sum of series (6), then as an approximate solution of the equation, we approximate the solution y(x) by the truncated series
3.1 Convergence theorem Remark. So, it can be deduced that if for every fixedx ∈ (a 1 , b 1 ) the -curve becomes horizontal, thus the series (7) is convergent, and according to the Theorem 1, converges to the exact solution.
Padé technique
There exist some techniques to improve the convergence rate of a given series by HAM. Among these techniques, 
the corresponding [
The formal power series:
Determine the coefficients r j and q j by equating. Then, we can write out (12) in more details as: ] padé approximant for Example 1. 
For more details refer to [14] .
Test examples
In this section, we solve a test problem to demonstrate the accurate nature of the proposed method. The validity of the method is based on assumption that the series (5) converges at q = 1. There is the convergence control parameter A( ) which guarantees that this assumption can be satisfied. We need to concentrate on the convergence of the obtained results by properly choosing .
Example 1 Consider the problem of finding the minimum of the functional
with boundary conditions
The exact solution of this problem is y(x) = sinh(0.4812118250596x).
We choose y 0 (x) = π 2 as initial approximation guess. We study the influence of on the convergence of y 10 (1).
We can investigate the influence of on the convergence region of y 10 (1) by means of -curve as shown in Fig. 1. From Fig. 1 , the convergence region of y 10 (1) is
The absolute values of the errors are given in Table 1 which proves the accuracy of the solution.
We employ the Padé technique to gain more accurate approximations of the solution, as shown in Table 2 .
Concluding remarks
In this paper, we studied the application of the HAM for solving the variational problems. One advantage of this method is the use of a computational algorithm with fast convergence. We also used Padé approximant to improve accuracy of the HAM. An example is presented to illustrate the accuracy of the present method. The given example reveal that the HAM yields a very effective and convenient technique to the approximate solutions of the variational problems.
